Abstract. Using McMullen's rational surface automorphisms, we construct projective rational manifolds of higher dimension admitting automorphisms of positive entropy with arbitrarily high number of Siegel disks and those with exactly one Siegel disk.
Introduction
In his beautiful paper [Mc07] , McMullen constructed rational surface automorphisms of positive entropy with Siegel disks. They are the first examples among automorphisms of projective manifolds. (See also [BK06] , [BK09] .) From one side, positive entropy indicates that general orbits spread out vastly even though the initial points are very close, from which one might expect that the general orbit could be densely distributed. But on the other side, the existence of Siegel disks shows that there is no dense orbit and the orbit of any point in the disk never goes out of the disk. This contrast makes the study of automorphisms of manifolds of positive entropy with Siegel disks very attractive. In McMullen's construction, the automorphism has exactly one Siegel disk and it is arithmetic (see also Section 2 for definitions and more details). It is then natural to ask:
(i) How about in higher dimension?
(ii) How many Siegel disks can an automorphism of positive entropy have?
The aim of this paper is to address these questions:
Theorem 1.1. 1. Let n be any integer such that n ≥ 4 and N be an arbitrary positive integer. Then, for each such n and N , there is a pair (X, g) of a non-singular complex projective rational variety X of dimension n and an automorphism g ∈ Aut (X) such that:
(1-i) the entropy h(g) of g is positive; and (1-ii) g admits at least N Siegel disks and they are arithmetic. 2. There is a pair (X, g) of a non-singular complex projective rational 3-fold X and an automorphism g ∈ Aut (X) such that: (2-i) the entropy h(g) of g is positive; and (2-ii) g admits exactly 2 Siegel disks and they are arithmetic. 3. Let n be any even integer such that n ≥ 4. Then, for each such n, there is a pair (X, g) of a non-singular complex projective rational variety X of dimension n and an automorphism g ∈ Aut (X) such that: (3-i) the entropy h(g) of g is positive; and (3-ii) g admits exactly one Siegel disk and it is arithmetic.
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We believe that this theorem gives the first examples of automorphisms of projective manifolds of positive entropy with Siegel disks in dimension ≥ 3. Here, it is essential to make the entropy positive. Indeed, there are a lot of automorphisms of P n , of which the entropy is necessarily 0, having (arithmetic) Siegel disks. Our construction is the product construction made of McMullen's rational surfaces, projective toric manifolds and their automorphisms. More explicit statements are given in Section 3 (Theorems (3.2) and (3.3)). In this sense, our construction of manifolds are rather easy modulo McMullen's deep construction. On the other hand, we should also note that for a manifold S and its automorphism g with a fixed point P , the product automorphism g × g of S × S has no Siegel disk at (P, P ), even if g itself has a Siegel disk at P . So, the essential point in the product construction is to choose manifolds and their automorphisms so that the eigenvalues of the product action at the fixed point are multiplicatively independent within the algebraic integers of absolute value 1. This turns out to be a kind of arithmetic problem which has its own interest. The precise formulation is given in Section 4, Definition (4.1), and its solution is contained in Theorem (4.2).
Throughout this note, we work over the field of complex numbers C.
McMullen's pair
In this section we review McMullen's rational surface automorphisms together with some relevant notions.
(i) Entropy. Let X be a compact metric space with distance function d. Let g be a continuous surjective self map of X. Roughly speaking, the entropy is a measure of "how fast two orbits {g k (x)} k≥0 , {g k (y)} k≥0 spread out when k → ∞". We recall here its definition and a characterization in cohomological terms that will be used later. For more details we refer to [KH95] . For any n ∈ Z >0 , consider the metric
The entropy of g is then defined as ( [KH95] , Page 108, formula (3.1.10)):
Here S(g, ǫ, n) is the minimal number of ǫ-balls, with respect to d g,n , that cover X. It is shown that h(g) does not depend on the choice of the distance d giving the same topology on X (see e.g. [KH95] , Page 109, Proposition (3.1.2)). From this definition it is easy to grasp the meaning of the entropy. However, for our computations, the following fundamental theorem, due to Gromov-Yomdin-Friedland ([Fr95] , Theorem (2.1)), will be more convenient:
Theorem 2.1. Let X be a compact Kähler manifold of dimension n and let g : X −→ X be a holomorphic surjective self map of X. Then
is the spectral radius of the action of g * on the total cohomology ring of even degree. In particular, h(g) is the logarithm of an algebraic integer.
See also [Zh08] for some role of the entropy in the classification of higher dimensional varieties.
(ii) Salem polynomials and Salem numbers.
where |δ i | = 1 and η > 1 is real. Notice that ϕ(x) is necessarily of even degree. A Salem number is the unique real root η > 1. In other words, a Salem number of degree 2n is a real algebraic integer η > 1 whose Galois conjugates consist of 1/η and 2n − 2 imaginary numbers on S 1 = {z ∈ C | |z| = 1 }.
Let ϕ 2n (x) be a Salem polynomial of degree 2n. As ϕ 2n (x) is monic irreducible and reciprocal, there is a unique monic irreducible polynomial r n (x) ∈ Z[x] of degree n such that
We call this polynomial r n (x) the Salem trace polynomial of ϕ 2n (x). If
are the roots of ϕ 2n (x) = 0, then the roots of r n (x) = 0 are:
(iii) Coxeter element. By E n (−1) we denote the lattice represented by the Dynkin diagram with n vertices s k (0 ≤ k ≤ n − 1) of self-intersection −2 such that n − 1 vertices s 1 , s 2 , · · · , s n−1 form a Dynkin diagram of type A n−1 (−1) in this order and the remaining vertex s 0 joins to only the vertex s 3 by a simple line, as shown in Figure 1 .
The lattice E n (−1) is of signature (1, n − 1), when n ≥ 10. Let W (E n (−1)) be the Weyl group of E n (−1), i.e., the subgroup of O(E n (−1)) generated by the reflections
The Weyl group W (E n (−1)) has a special conjugacy class called the Coxeter class. It is the conjugacy class of the product (in any order in our case) of the reflections
The following theorem follows from either [BK09] , Theorem 3.3 or [GMH08] , Theorem (1.1), Corollary (1.2). We follow the notation of [GMH08] : Theorem 2.3. Let E n (x) be the characteristic polynomial of the Coxeter element w n . Then, for n ≥ 10, E n (x) = C n (x)ϕ(x) where C n (x) is the product of the cyclotomic factors and ϕ(x) is a Salem polynomial.
By [GMH08] , Corollary 4.3, we have
hence the formula in Theorem (2.3) can be used to determine both C n (x) and ϕ(x).
The following example, for n = 19, will be used later:
Example 2.4.
Here ϕ 14 (x) is a Salem polynomial of degree 14:
(iv) Siegel disks and arithmetic Siegel disks.
Definition 2.5.
(1) Let ∆ n be an n-dimensional unit disk with linear coordinates
A linear automorphism (written under the coordinate action)
is called an irrational rotation if
and ρ 1 , ρ 2 , . . . , ρ n are multiplicatively independent, i.e.
is the only integer solution to (v) McMullen's pair. Let S be a blowup of P 2 at n (distinct) points. Then, H 2 (S, Z) is isomorphic to the odd unimodular lattice of signature (1, n). The orthogonal complement (−K S ) ⊥ is then isomorphic to E n (−1) and Aut (S) naturally acts on E n (−1) (under a fixed marking). As a part of more general results, McMullen proves the following theorem (See [Mc07] , Theorem (10.1), see also Theorem (10.3), proof of Theorem (10.4) and the formula (9.1)): Theorem 2.6. Let n be a sufficiently large integer such that n ≡ 1 mod 6. Then, for each such n, there are a rational surface S = S(n) which is a blow up of P 2 at n distinct points and an automorphism F = F (n) such that:
f ). In other words, g has a Siegel disk if and only if there is a fixed point P at which g is locally analytically linearized as in the form of an irrational rotation. We call the Siegel disk arithmetic if in addition all
where E n (x) is the characteristic polynomial of the Coxeter element of E n (−1), C n (x) is the product of cyclotomic polynomials and ϕ(x) is a Salem polynomial.
The fixed point set S
F consists of exactly 2 points, say, P and Q. Moreover, F has an arithmetic Siegel disk at Q but F has no Siegel disk at P (in fact the eigenvalues of F * |T * S,P are not multiplicatively independent).
be the locally analytic linearization of F at Q. So, α(n) and β(n) are multiplicatively independent and of absolute value 1. Then, there is a root δ(n) of ϕ(x) = 0 of absolute value 1 such that α(n) and β(n) satisfy
In particular, α(n) 2 and β(n) 2 are the roots of the quadratic equation of the form
where a(x) ∈ Q(x). 4. There are another root δ ′ (n) of ϕ(x) = 0 of absolute value 1 and complex numbers α ′ (n), β ′ (n) such that
2 are the roots of the quadratic equation
We call any pair (S, F ) as in Theorem (2.6) a McMullen's pair. Notice that, by Theorem (2.6) (1), any McMullen's pair is of positive entropy.
In [Mc07] , it is not explicit that α(n) ±1 and β(n) ±1 are algebraic integers. Since we will need this fact, we give here a proof.
Proposition 2.7. Let α(n) and β(n) be as in Theorem (2.6). Then α(n), β(n), α(n) −1 and β(n) −1 are algebraic integers.
Proof. Set α := α(n), β := β(n) and δ := δ(n). We first prove the Proposition for α and β. From the previous Theorem (2.6) (3), we know that δ = αβ is an algebraic integer, therefore it is enough to show that α + β is so. From the equation:
we have that
Since E n (δ) = 0 , we have:
On the other hand, we can write
Hence, it is enough to prove that
δ+2 is an algebraic integer. From (2.0.2) it follows that E n (−2) = −A(−2), therefore, there exists
which is an algebraic integer, thus α + β is an algebraic integer. The statement for α −1 and β −1 follows by replacing F with F −1 in Theorem (2.6).
Statement of the main results
In this section we state our main results more explicitly.
Notation 3.1. In the following, we denote by Y ∆ the d-dimensional complete toric variety T emb (∆) defined by a complete fan ∆ in N ≃ Z d . We denote by f a the automorphism of Y ∆ associated to an element
. All what we need for toric varieties is covered by the book [Oda88] . a 1 , a 2 
satisfies:
(1) h(g) = h(F ) > 0; and (2) g has exactly N Siegel disks and they are all arithmetic.
Note that toric varieties are always rational. We also note that for d ≥ 2, we can make N as large as we want, while for d = 1, we have Y = P 1 and N = 2. So, Theorem (1.1) (1), (2) follows from this theorem. We shall prove Theorem (3.2) in Section 5. 
and (2) g has exactly one Siegel disk and it is arithmetic.
Theorem (1.1) (3) clearly follows from this theorem. We shall prove Theorem (3.3) at the end of Section 5.
Salem polynomials and multiplicatively independent sequences
In this section, we introduce the notion of "multiplicatively independent sequence of algebraic integers on the unit circle (MAU)" and show the existence. The existence of a MAU is crucial in our product construction. Then n(k) ≡ 1 mod 6. Note that 180 and 7 are coprime. Then, by Dirichlet's Theorem (see e.g. [Se73] , Page 25, Lemma 3), there are infinitely many prime numbers in the sequence
First we construct a MAU α 1 , β 1 of length 2. Choose a sufficiently large prime number p 1 = d(k 1 ). Set n 1 := n(k 1 ). As n 1 ≡ 1 mod 6 and n 1 is also sufficiently large, we can apply Theorem (2.6) for this n 1 . Hence we obtain a McMullen's pair (S 1 , F 1 ) := (S(n 1 ), F (n 1 )) with a Siegel disk at Q 1 such that
at Q 1 . This is arithmetic by Proposition (2.7). Here and hereafter, to describe McMullen's pairs, we adopt the same notation as in Theorem (2.6). Set
Then, α 1 and β 1 form a MAU of length 2. Next, assuming that we have constructed a MAU of length 2m
we shall extend this sequence to a MAU of length 2(m + 1). Let us consider the field extension
We put ℓ := [K : Q]. Then, choose sufficiently large k such that q := d(k) is a prime number with q > ℓ. Set n := n(k). As n ≡ 1 mod 6, we can apply Theorem (2.6) for this n. Then, we obtain a McMullen's pair (S(n), F (n)) with important values δ(n), α(n), β(n), δ ′ (n), α ′ (n), β ′ (n) and the Salem polynomial ϕ(x) as described in Theorem (2.6). We set:
We shall show that (4.0.5)
is a MAU of length 2(m + 1). We then define α m+1 := α and β m+1 := β, and continue. By the assumption (on the first 2m terms) and by Theorem (2.6)(3) and Proposition (2.7), we already know that each term of (4.0.5) is an algebraic integer of absolute value 1. Thus, it suffices to show that they are multiplicatively independent. We shall prove this from now.
First we compute the degree of the Salem polynomial ϕ(x) and its Salem trace polynomial r(x). By n = 360k + 19 ≡ 19 mod 360 , we have C n (x) = C 19 (x) in Theorem (2.6)(1) (cf. Theorem (2.3) ). On the other hand, by Example (2.4), we have deg C 19 (x) = 5. Thus deg ϕ(x) = 360k + 19 − 5 = 360k + 14 .
As r(x) is irreducible over Z, it follows that
As q > ℓ and q is a prime number, we have then that
So, r(x) is also irreducible over K. Let L be the Galois closure of K(δ + 1 δ ) in the algebraic closure K. As
Here η is the Salem number of ϕ(x). Extending σ and τ to Gal (K/K), we have
where ℓ i , m i are integers. Transforming (4.0.6) by σ (and switching α ′ and β ′ if necessary), we obtain either
Here we use Theorem (2.6)(3) and (4). In the first case, taking (the square of) the norm, we get
Here we use |α ′ β ′ | = |δ ′ | = 1 (Theorem (2.6)(4)). As |α ′ /β ′ | = 1 (Theorem (2.6)(4)), it follows that ℓ m+1 − k m+1 = 0 .
For the same reason, this is true also for the second case. Substituting this into (4.0.6), and using αβ = δ, we obtain
Transforming this equality by τ , we get either
Taking the norm, we get η km+1 = 1 .
As η > 1, this implies k m+1 = 0. Thus
Substituting this into (4.0.6), we obtain 
This completes the proof. Let f ∈ Aut (Y ) and consider the induced action f
Remark 5.2. It is known that Aut (Y ) is generated by three classes of automorphisms: the torus, roots and fan symmetries (see e.g. [CK99] , Page 48, Theorem 3.6.1). Among these three classes, the torus and the roots are in Aut 0 (Y ), the identity component of Aut (Y ). So, their action on H * (Y, Z) are the identity. In our construction this is enough, but Proposition (5.1) also follows from this description. 
Here g * = F * ⊗ f * on each direct summand. By Proposition (5.1), we have that h(f ) = 0. Thus, the eigenvalues of f * on H 2k−2ℓ (Y, Q) are of absolute value 1. In fact, letting ǫ i (1 ≤ i ≤ a) be the eigenvalues of f * |H 2k−2ℓ (Y, Q) counted with multiplicities, then
This implies the result.
We now prove Theorem (3.2)(2). Let {σ 1 , . . . , σ N } be the set of d-dimensional
Here we use multi-index notation, namely
Let now a := (a 1 , a 2 , . . . , a d ) ∈ (C * ) d and let f a ∈ Aut (Y ) be the corresponding automorphism. Each U p is invariant under f a and the action of f a on U p is given as follows (we use again multi-index notation) (5.0.7)
We have the following (see e.g. [Oda88] Page 10, Proposition 1.6). As f a ∈ Aut(Y ) is associated to a ∈ (C * ) d , it follows that f a (Q p ) = Q p , therefore f a has at least N fixed points. On the other hand, as a is multiplicatively independent, f a has exactly one fixed point on each U p (1 ≤ p ≤ N ), that is the origin of U p ∼ = A d under the coordinates (x Ki(p) ). This follows directly from formula (5.0.7). Hence f a has exactly N fixed points Q 1 , . . . , Q N .
To conclude the proof of Theorem (3.2) (2), we take a McMullen's pair (S, F ). Hence S F , the set of fixed points of F , consists of two points P and Q but F admits an arithmetic Siegel disk only at Q. This means that there are analytic coordinates (z 1 , z 2 ) at Q such that but, if R i = P i for some i, then we have no Siegel disk at R by Theorem (2.6)(3). This completes the proof of Theorem (3.3).
